Abstract. Consider a Shimura curve X D 0 (N ) over the rational numbers. We determine criteria for the twist by an Atkin-Lehner involution to have points over a local field. As a corollary we give a new proof of the theorem of Jordan-Livné on Qp points when p D and for the first time give criteria for Qp points when p N . We also give congruence conditions for roots modulo p of Hilbert class polynomials.
D 0 (N ) over the rational numbers. We determine criteria for the twist by an Atkin-Lehner involution to have points over a local field. As a corollary we give a new proof of the theorem of Jordan-Livné on Qp points when p D and for the first time give criteria for Qp points when p N . We also give congruence conditions for roots modulo p of Hilbert class polynomials.
Let D be the squarefree product of an even number of primes and let N be a squarefree integer coprime to D. The Shimura curves X D 0 (N ) Q are natural generalizations of the classical modular curves X 0 (N ), which we realize here as X 1 0 (N ) Q . Shimura first defined these curves over Q [Shi71] and also showed that X [Ogg85, Théorème] .
In this paper, we give comprehensive criteria for the presence of Q p -rational points on all Atkin-Lehner twists of X 
Corollary (5.2).
Let p D be a prime which is unramified in Q( √ d). Let p i , q j be primes such that D p = ∏ i p i and N = ∏ j q j .
• If p is split in Q( ′ is as in Definition 6.13.
• p is inert in Q( √ d) with Dp = ∏ i p i , N p = ∏ j q j such that one of the following holds.
-p = 2, for all i, p i ≡ 3 mod 4 and for all j, q j ≡ 1 mod 4.
-p ≡ 3 mod 4, D = 1 and N = p or 2p. We also give infinite families of examples of twists which have Q v -rational points for all places v of Q.
Example (5.13). Suppose that q is an odd prime and consider X 2q 0 (1) Q , a curve of genus g. Note that this curve is hyperelliptic over Q if and only if q ∈ {13, 19, 29, 31, 37, 43, 47, 67, 73, 97, 103} [Ogg83, Theorem 7] . Let p ≡ 3 mod 8 be a prime such that Hence, an explicit model for C
26
(1, −p, 2q) is given by the affine equation The primes less than 2000 satisfying the congruence conditions in the above example are p = 67, 163, and 1747. It can be checked that the explicit model of C
(1, −67, 26) has at least the rational points , and that C
(1, −163, 26) has at least the rational points . If p = 1747, a point search in sage [S + 12] failed to produce any rational points and the TwoCoverDescent command in MAGMA did not determine if C
(1, −1747, 26) has no rational points.
Example (6.16). Let q ≡ 3 mod 4 be a prime and consider the curve X 0 (q) Q . Let p ≡ 1 mod 4 be a prime such that p q = −1 and let C 1 (q, p, q) Q denote the twist of X 0 (q) by Q( √ p) and w q . Then C 1 (q, p, q) has Q v -rational points for all places v of Q.
If q = 23, the least two primes satisfying the above are p = 5 and p = 13. Using a hyperelliptic model of the genus 2 curve X 0 (23) [GR91] as above, it can be verified that C We proceed as follows: After reviewing some quaternion arithmetic, we will prove some Theorems on embeddings of quadratic orders which may be of independent interest. Then after properly defining these Shimura curves and their Atkin-Lehner involutions, we will show how these embedding theorems may be applied to the problem of controlling superspecial points on Shimura curves over finite fields. The remaining sections deal with determining Q p -rational points. where r ∈ Q and ǫ p ∈ {0, 1}.
Definition 1.24. Let A be a finitely-generated, torsion-free Z-algebra, let A 0 be A⊗ Z Q and let ǫ A ∶ A → A 0 be the natural embedding a ↦ a⊗1. Suppose that there exists an embedding φ ∶ A 1 ↪ A 2 of finitely generated torsion-free Z-algebras. Define φ 0 ∶ A 0 1 ↪ A 0 2 to be the induced embedding a ⊗ r s ↦ φ(a) ⊗ r s. We say that
Let φ ∶ A 1 ↪ A 2 be an embedding of finitely generated torsion-free Z-algebras. Define A
and note that A ′ 1 is a finitely generated torsion-free Z-algebra. Note also that A
. This embedding is however not optimal. Note that φ 0 is actually an isomorphism A
Definition 1.26. Let ∆ be an integer which is congruent to zero or one modulo four. We will denote by R ∆ the unique quadratic order of discriminant ∆. If ∆ is not a square, R ∆ ⊗Q is a quadratic field K ∆ = Q( √ ∆). In this case, we may define the class number h(∆) ∶= # Pic(R ∆ ) and the conductor f (∆) ∶= [Z K∆ ∶ R ∆ ]. We also fix w(∆) ∶= #R × ∆ . Definition 1.27. Let p be a prime, and let ( The Eichler symbol may then be defined in terms of the Kronecker symbol as follows:
else Definition 1.28. For square-free coprime integers D and N and some integer ∆ ≡ 0, 1 mod 4, we define the quantity 
′ is of norm qd. Although ω 1 and ω 2 are integral, it may be the case that ω 1 ω 2 is not integral. We only know that tr(ω 1 ω 2 ) < 4qd. In order for ω 1 ω 2 to be integral it is necessary and sufficient that tr(ω 1 ω 2 ) = ω 1 ω 2 + ω 2 ω 1 = s ∈ Z. Now let us grant that tr(ω 1 ω 2 ) ∈ Z. Since ω 1 , ω 2 , and ω 1 ω 2 are integral, any order O ′ that contains ω 1 and ω 2 contains ω 1 ω 2 . Note that the Z-module generated by 1, ω 1 , ω 2 and ω 1 ω 2 is an order of B ′ if and only if ⟨1, ω 1 , ω 2 , ω 1 ω 2 ⟩ is a basis for B ′ over Q. In the latter case, we may compute that the reduced discriminant
is integral and the reduced discriminant of (1) There is a definite quaternion algebra
in B ′ and elements ω 1 and ω 2 contained in O ′ such that ω 
We have thus shown (1) ⇒ (2).
For (2) ⇒ (1), it suffices to consider the quaternion algebra
An explicit order containing ω 1 and ω 2 is the "Hurwitz quaternions"
We note that we gave very explicit examples of orders satisfying Theorem 1.30 (1) in the proof above. We note that these orders are unique up to B × -conjugacy.
Theorem 1.31 (Pizer) . Let B ′ be a definite Q-quaternion algebra and suppose that for all p disc(B ′ ), 
Corollary 1.33. When the conditions of Theorem 1.30 are satisfied,
conjugate to one of the following:
(1) The unique maximal order in
Moreover if 2 D ′ N ′ we note that the order in 3. contains 
• for all i either p i = 3 or p i ≡ 2 mod 3
• for all j either q j = 3 or q j ≡ 1 mod 3 
To show that (2) implies (1), it suffices to consider the quaternion algebra 
We prove one final theorem on simultaneous embeddings. For the remainder of the section, let D be the squarefree product of an even number of primes, N a squarefree integer coprime to D, and p a prime not dividing DN . We shall also set B ′ ∶= B Dp and let m DN be an integer greater than one. The following lemma is an easy calculation. Lemma 1.37. We have the following isomorphisms of Q-algebras. = 1 for all primes q (N 2), and • m = DN , Proof. Suppose first that there exist embeddings . Therefore Theorem 1.29 gives us the following congruence conditions.
• If 2 ∤ DN p then • If 2 D and m = DN 2, then DN ≡ 2, 6, 10 mod 16,
and −p q = 1 for all primes q N . We now prove the converse. If 2 ∤ DN p, then by Lemma 1.37(1),
j is an order of reduced discriminant DN p, and is thus an Eichler order of level N . Likewise if DN ≡ 3 mod 4 there is an Eichler order of level N . Assume now that p ≡ 1 mod 4. Then
where r is the number of primes q DN such that q ≡ 3 mod 4. Moreover, since D is the product of an even number of primes, 
If 2 N and m = DN , then by Lemma 1.37(2),
j is an order of reduced discriminant DN p, and is thus an Eichler order 
is an order of reduced discriminant DN p. . Contained in B ′ is the order
is an Eichler order of reduced discriminant DN p. If p = 2, then by Lemma 1.37(5),
i is an order of reduced discriminant DN p, and is thus an Eichler order 
is an order of reduced discriminant DN p.
Shimura Curves
We begin with the definition of a Shimura curve as a coarse moduli scheme, presuming some familiarity with abelian schemes and moduli spaces. As always, we will assume that D is the squarefree product of an even number of primes and that N is squarefree. 
Note that the above makes sense because any generator of the unique two-sided integral ideal of O of norm m is of the form β m u where u is a unit of O. Note that the group of all such w m is abelian because the group of two-sided integral ideals is abelian. We call the group of all such w m the Atkin-Lehner group W and note there is an isomorphism (Z 2Z)
where β m is a generator of the unique integral two-sided ideal of O of norm m.
We now state some theorems on explicit descriptions of X 
We shall use this to make sense of the reduction X 
).
Most importantly, there is an isomorphism
Remark 2.7. Thinking of the dual graph in this way yields an algorithm to compute dual graphs which the author has implemented in MAGMA [BCP97] . 
is precisely the set of superspecial points (in the sense of Definition 2.12), which are in bijection with Pic(Dp, N p). Moreover, for each superspecial point x over t corresponding to [I] ∈ Pic(Dp, N p), the completion of the strict henselization of the local ring of
Proof. The bijection between superspecial points and Pic(Dp, N p) is Theorem 2.16. The remainder of the result in the case of Z (p) was first written down by Helm [Hel07, Theorem 10.3].
Lemma 2.9. [Mol10, Theorem 1.1] The components and singular points of the F p special fiber can be put into the following W -equivariant bijections.
2.1. Superspecial surfaces. Fix a prime number p and a maximal order S in the quaternion algebra B p over Q ramified precisely at p and ∞. By a theorem of Deuring, there is a supersingular elliptic curve E over the algebraic closure
Definition 2.10. Fix E F , a supersingular elliptic curve with End F (E) ≅ S. We say that an abelian variety A F is supersingular when there is an isogeny A → E dim(A) .
Note that if E ′ F is supersingular then E is isogenous to E ′ so the above definition does not depend on the choice of E. Definition 2.12. We say that an abelian surface A F is superspecial if A ≅ E i × E j with E i , E j supersingular elliptic curves over F.
Note that if A is supersingular, it need not be superspecial. When A is ordinary, we have the following.
Theorem 2.14. If (A k , ι) is an ordinary QM-abelian surface over a finite field k, then there exist ordinary elliptic curves
Proof. The first part of the statement is part of a more general theorem of Kani [Kan11, Theorem 2], who calls ordinary elliptic curves CM. For the second part, note that (A S , ι) is w m -fixed if and only if
. Let k be a finite field, A k be ordinary, and (A, ι) be w m -fixed. Also let W (k) denote the Witt vectors of k [Neu99, §II.4], which in this case are just a finite étale extension of Z p . Then there is a canonical choice of an abelian scheme
Therefore the Serre-Tate canonical lift (A, f ○ ι) is a QM-abelian surface. Therefore so is A C (the choice of embedding W (k) ↪ C does not change the isomorphism class of A C [Del69, 7.Théorème]), and there is an embedding of R into End f (ι(O)) (A C ). Then we may find both an optimal embedding ϕ ∶ R ′ ↪ O for some imaginary quadratic order R
Now let K ∶= W (k) ⊗ Q, which must therefore be a finite unramified extension of Q p . We can then show that
.1]. It follows that since A is an abelian scheme, it is the Néron model of its generic fiber [BLR90, Proposition I.2.8], and thus
Theorem 2.15. [Shi79, Theorem 3.5]Let E F be as in Definition 2.10 and let A F be an abelian surface isomorphic to the product of any two supersingular elliptic curves. Then A ≅ E × E.
Recall that S is a maximal order in B p and p D. Recall also that an (O, S)-bi-module is a left O-module M which is also a right S-module such that if x ∈ O, y ∈ S, and m ∈ M , then (xm)y = x(my). This implies that we have homomorphisms O → End S (M ) and S op → End O (M ). If both of these homomorphisms are optimal embeddings we say that M is an optimal (O, S) bi-module. • superspecial O-abelian surfaces (A, ι) F up to isomorphism • Z-rank 8 optimal (O, S) bi-modules up to isomorphism Lemma 2.17. Let q DN and let Q denote the unique two-sided integral ideal of norm q in O. Under the bijection in Theorem 2.16, the action of w q described in Definition 2.2 corresponds to the action
Therefore to get an action of O on β q M , we must pre-compose by β −1 q and post-compose by β q . Definition 2.18. Let O, S be Eichler orders in a quaternion algebra over a number field K. We say that 
This is of particular interest to us because of the following lemma.
corresponds to a superspecial abelian O-surface (A, ι) over F and φ 1 ∶ F → F is the p-th power map, the following diagram commutes. 
Proof. Unless D 
and
, and
, 10 mod 16, p ≡ ±3 mod 8,
Proof. By Lemma 2.23, a superspecial abelian surface (A F p 2 , ι) is defined over F p if and only if it is w p -fixed. Therefore there is some (A Fp , ι) fixed by w m if and only if there is some Eichler order of level N in B Dp which admits an embedding of both
Let us first assume p = 2. Condition 1 is precisely Corollary 2.26 applied to the situation where (m, 2) = 1. Condition 2 is Theorem 1.38(5). Now let us assume p ≠ 2. Conditions 1 and 2 are Theorem 1.38(1-2) and conditions 3 and 4 are Theorem 1.38(3-4).
Local points at good primes
Throughout this section we will fix D the discriminant of an indefinite quaternion Q-algebra, N a squarefree integer coprime to D, an integer m DN and a prime p ∤ DN . Recall that X D 0 (N ) Zp has a smooth special fiber by Theorem 2.8. Let w m be as in Definition 2.2. Let Z p 2 be as in Definition 1.14 with ⟨σ⟩ = Aut Zp (Z p 2 ) and let Z Zp denote the quotient of
We may then obtain results on local points without appealing to Z. Proof. Recall that Weil's bounds [Liu02, Exercise 9.1.15] tell us that if X is smooth of genus g over F p then
and thus #X( 
) such that for all α ∈ O the following commutes.
Lemma 3.4. Let S = Spec(F p ) and φ r ∶ S → S be the morphism given by the p r -th power map. Let (A S , ι) be a QM-abelian surface corresponding to a point
Split Primes and the Eichler-Selberg Trace Formula.
Definition 3.5. Let S be a Z p -scheme with 
Shimura [Shi67] proved the following explicit formula for the zeta function.
Theorem 3.8. If Ω denotes the canonical sheaf on
.
Proof. First we note that if R is a characteristic (0, p) dvr with separably closed residue field k and ℓ ≠ p is a prime of good reduction for a relative curve X R then, by smooth and proper base change [Mil80, Corollary 
and if r = 1, If n is not a square and (n, DN ) = 1, then
Corollary 3.11. give a strict numerical criterion for the presence or absence of points, but it will give an exact formula as we will see in Theorem 3.17. In certain cases however, such as when m = DN , we will be able to use the properties of superspecial points to get a numerical criterion, as in Corollary 3.20. We begin by extending the definition of Hecke operators T n . Suppose that (DN,
. Let S be a Z p -scheme and 
Corollary 3.14. Let g ′ be the genus of (X D 0 (N )) w m ) Fp . The zeta function of the quotient curve is
Now note that we may compute that tr(T
, Ω) with respect to w m . We may thus explicitly compute the traces on the quotient curve using Eichler's Trace Formula to obtain the following. 
Lemma 3.16.
Proof. Consider the following quotients by the action of w m .
is made up of the set of equivalence classes [P, Q] such that P, Q ∈ X D 0 (N )(F p r ), w m (P ) = Q and for all σ ∈ Gal(F p r F p r ) either σP = Q and σQ = P or σP = P and σQ = Q. In either case, P, Q ∈ F p 2r and we may fix σ as the generator of Gal(F p 2r F p r ). The former case indicates that w m σP = w m Q = P and thus P, Q ∈ C We may then combine Lemma 3.16 with Theorem 3.15 to obtain the following explicit formula. 
In light of Theorem 3.17, we make the following definition. 
Local Points at Ramified Primes
Throughout this section we will fix D the discriminant of an indefinite quaternion Q-algebra, N a squarefree integer coprime to D, a squarefree integer d, an integer m DN and a prime p ∤ DN ramified in Q( √ factors as (X + 8) 2 modulo 13. Moreover, if p disc(H −4m (X)) there is no guarantee of a root modulo p, as demonstrated by m = 57 and p = 43. In any case, we have unearthed a powerful tool for finding roots of Hilbert Class Polynomials modulo p, which may have useful applications in cryptography.
We may combine the results of Theorem 4.1(3) with those of Theorem 4.2 to yield the following. To establish Theorem 4.1 and Corollary 4.3, we determine a regular model over
We shall indeed show the following. 
such that each Γ i is defined over F p and is prime, each
Suppose additionally that p ≠ 2. Then for all i > 0, d i = 1 and Γ 0 intersects with Γ i in a unique point Q i . These points
In fact, we shall show that if p ≠ 2, X is the blowup of a scheme Z Zp such that there is an equality of divisors Z Fp = 2Γ where Γ ≅ (X 
Fp(Qi) . After constructing Z and X , we will describe F p (Q i ), i.e., the F p -rationality of w m -fixed points.
The first steps towards forming a model. Let us begin with a few foundational facts.
Lemma 4.5. Let X K be a curve with potentially semistable reduction realized by a cyclic totally ramified extension L K of local fields. Let k be their common residue field and let S R be the corresponding extension of discrete valuation rings. Let Y → Spec(S) be a regular model of X L , Gal(L K) = ⟨σ⟩ and assume that there exists some α an automorphism of Y above σ ∶ Spec(S) → Spec(S) extending the Galois action on X L .
(1) The quotient Z = Y ⟨α⟩ is a scheme of relative dimension one over Spec(R) with generic fiber X, 
The fiber product of this square with Spec( We note by Lemma 4.6 that Z is not generally a regular scheme. To make the resolution of its singularities easier, we fix the following. 
Lemma 4.9. Let Z be non-regular and π ∶ X → Z a desingularization in the strong sense and assume that for all i, π By Lemma 2.11, any QM abelian surface over a finite field must be either ordinary or supersingular. Suppose first that (A, ι) is supersingular and fixed by w m . By Lemma 2.13, if (A, ι) is a supersingular QM-abelian surface over a finite field of characteristic p, then (A, ι) is superspecial. Therefore, one of the conditions of Corollary 2.27 hold if and only if there is a QM abelian surface (A, ι) fixed by w m whose corresponding point P i is F p -rational. Now suppose that (A, ι) is an ordinary QM-abelian surface over a finite field k fixed by w m . By Theorem 2.14, there are elliptic curves E and E ′ such that
Now note that the j-invariants of E and E ′ are roots of H −4m (X) mod p, H −m (X) mod p if m ≡ 3 mod 4, or H −4 (X) if m = 2. If m = 2, then H −4 (X) and H −8 (X) have degree one so for all p, H ∆ (X) has a root modulo p. Since the j-invariants of E and E ′ are defined over F p , (A, ι) is defined over F p . Therefore if P i corresponds to the surface (A, ι) then F p (P i ) = F p .
Recall now the classical theorem of Deuring that if K is a number field, p p is a prime, and E K is an elliptic curve with CM by R ∆ then E mod p is ordinary if and only if
Therefore (A, ι) is ordinary if and only if
We have thus shown that either (1) or (2) holds if and only if there is a reduced copy of P
1
Fp in some π −1 (Q i ). Since the strict transform of Γ in X has multiplicity two, the presence of a reduced copy of P To see that this is a regular scheme, let R = Z nr p , a strict henselization of Z p . We will construct in this section an auxiliary scheme X ′ R . If we can show that X R ≅ X ′ , it will follow that X is regular [CES03, Lemma 2.1.1]. Thus, the hypotheses of Lemma 4.9 would be satisfied and thus Theorem 4.1 would be proved.
′ the residue field of S, k the residue field of R, and note that both k and k ′ must be isomorphic to F p . We note the following.
Lemma 4.10. Suppose that p ≠ 2 and let Q be a point of Q i × Zp R. Then Q is a tame cyclic quotient singularity [CES03, Definition 2.3.6] with n = 2 and r = 1.
Proof. Let α denote the extension of α from Y to Y S . We wish to show that O sh Z,Q is the ring of invariants of a µ 2 (or since
where
. Therefore √ . It follows that Q is a tame cyclic quotient singularity with n = 2 and r = 1.
Definition 4.11. Let R be a discrete valuation ring with algebraically closed residue field, X R be a scheme, and P a tame cyclic quotient singularity of X of type n, r. Then [CES03, Theorem 2.4.1] we can inductively produce a chain of divisors E 1 , . . . E λ and a set of integers b 1 , . . . , b λ such that • There is a resolutionX P → X of the singularity at P whose fiber over P is the chain made up of the
ThisX P is called the Hirzebruch-Jung desingularization at P . 
where Γ ′ 0 is the strict transform of Γ R and for all i > 0, Γ
k . This is to say that there is an equality of divisors on
, and all intersections are transverse. Moreover X R ≅ X ′ , and since X ′ is a regular scheme, so is X . It follows that X is a regular Zp model for
Proof. We construct X ′ by performing the Hirzebruch-Jung desingularization at Q for all Q in all Q i × R. By Lemma 4.10, n = 2, r = 1 and thus λ = 1 and b 1 = Recall now that X ′ → Z R , X R → Z R are birational morphisms and so there is a birational map f ∶ X R ⇢ X ′ making the following diagram commute.
is the identity and f can be extended so that the preimage of each divisor on either X R or X ′ is again a divisor. We thus find that f is a morphism and thus an isomorphism [Liu02, Theorem 8.3.20]. It follows that X R is regular and therefore X is regular [CES03, Lemma 2.1.1].
Corollary 4.13. Theorem 4.1 holds.
Proof. By Theorem 4.12, the conditions of Lemma 4.9 hold.
Remark 4.14. In the case that
Fp we may deduce this theorem from work of Sadek [Sad10] . Remark 4.15. Retaining the notation of Lemma 4.6, if p = 2 we still have that Z Z2 is a normal scheme, nonregular precisely at the fixed points on the special fiber of w m . Moreover, these singularities are still Z 2Z-quotient singularities. Once more, we may resolve these singularities to give a regular model of C D (N, d, m) .
Unfortunately Lemma 4.10 no longer holds as these singularities are wild, and it is not known under what circumstances a resolution will have non-reduced components. (1)
As opposed to the case where p N , all conditions here are determined by congruences. For completeness, we record the following.
is nonempty if and only if one of the following two cases occurs.
(1) p = 2, p i ≡ 3 mod 4 for all i, and q j ≡ 1 mod 4 for all j (2) p ≡ 1 mod 4, D = 2p, and
Proof. Note that e D p,N (−4DN p) is always nonzero by Theorem 1.29.
To prove Theorem 5.1, we shall need to work with regular models for
and exactly two points of C i are singular in X F p .
For n DN , let w n denote the automorphism of Definition 2.2. Note that extending the automorphism w n from Definition 2.2 to X makes sense because
We note also that the components of X 
Note that if p is inert in
Therefore, we shall obtain our results when p is split as a corollary to our results when p ∤ m. Recall that a non-identity involution of P 1 fixes exactly 2 points of P 1 (F p ). Suppose that a component of
Fp of Z Fp . Since all intersection points are rational and at most 2 singular intersection points stayed F p -rational, y contains the image of a smooth F p rational point. Since there is a smooth point of Z(
is nonempty by Hensel's Lemma.
Finally we note that if a component C of X F p is fixed by w m p then so is its image π(C).
is not a component then it is an intersection point of two components
It follows that w m p either fixes both of them or interchanges them. However, Theorem 2.6 tells us that under the bijection between components of X D 0 (N ) Fp and Pic(D p, N ) ∐ Pic(D p, N ), C 1 must lie in one copy and C 2 in the other. Since these bijections are W ⟨w p ⟩-equivariant, w m p cannot interchange C 1 and C 2 and must therefore fix them.
Example 5.6. Let X = X 26 0 (1) Z2 , which is regular over Z 2 . Depicted below is the dual graph of X F2 . This tells us that X F2 is simply two copies of P 1 F2 glued along the F 2 -rational points of each.
Since the action of w 2 Frob 2 fixes each component and intersection point, the only fixed points are nonsmooth, and thus C • m = 2p and one of e D p,N (−4), e D p,N (−8) is nonzero.
• m p ≡ 3 mod 4 and e D p,N (−4m p) is nonzero.
• m p ≡ 3 mod 4 and one of e D p,N (−4m p) or e D p,N (−m p) is nonzero. fore, there is a smooth point P of X (F p ) fixed by P ↦ w m P Frob p = w mp P . By Lemma 2.9, the action of w mp on X D 0 (N ) F p fixes no component. Therefore, π(P ) = x is the intersection point of two components. Since P is smooth, π * (x(Spec(F p ))) ≠ P (Spec(F p )). Therefore ℓ = ℓ(x) > 1 and thus π *
as in Definition 5.3. Since w mp (x) = x, w mp C i = C ℓ−i . Therefore, the only component which could be fixed by w mp is C ℓ 2 . If such a component exists, then ℓ must be even.
Conversely, if there is a superspecial w mp -fixed intersection point x of even length then w mp C ℓ 2 = C ℓ 2 . There is thus a component of Z Fp which is defined over F p . It follows that there is a smooth point in Z(F p ) and therefore
The following example will illustrate ways that this can happen. It is easy to see that even though the intersection points of length 3 on X 26 0 (1) F 13 are fixed by the action of w 2 Frob 13 , they can not yield smooth rational points as the action exchanges a with a ′ . The rational points here can only come from a fixed intersection point of length 2. Since there is such an intersection point on X • mp = 1, 2, DN 2 or DN .
• for all q (D p), either q = 2 or q ≡ 3 mod 4
• for all q N p, either q = 2 or q ≡ 1 mod 4 If mp = 2 then m = 1 and p = 2. If mp = DN 2 then p ≠ 2 and since p N p, we must have p ≡ 1 mod 4. If mp = DN then m = DN p and either p = 2 or p ≡ 1 mod 4.
To give an idea of the power of this theorem, let us show how it gives a new proof of the Theorem of Jordan-Livné and Ogg. • p = 2, D = ∏ i p i with each p i ≡ 3 mod 4, and N p = ∏ j q j with each q j ≡ 1 mod 4 [Lemma 6.11].
• p = 3, D = ∏ i p i with each p i ≡ 2 mod 3, and N p = ∏ j q j with each q j ≡ 1 mod 3 [Lemma 6.12].
• • p = 2, m = p or DN , for all i, p i ≡ 3 mod 4, and for all j, q j ≡ 1 mod 4.
• p ≡ 3 mod 4, m = p or 2p, for all i, p i ≡ 1 mod 4, and for all j, q j ≡ 3 mod 4. (ii) p ∤ m and one of the following nine conditions holds.
• m = D = 1 [Lemma 6.8].
• p = 2, m = 1, for all i, p i ≡ 3 mod 4, and for all j, q j ≡ 1 mod 4 [Lemma 6.11].
• p = 3, m = 1, for all i, p i ≡ 2 mod 3, and for all j, q j ≡ 1 mod 3 [Lemma 6.12].
• p ≡ 3 mod 4, m = DN 2p, p i ≡ 1 mod 4 for all i, and q j ≡ 3 mod 4 for all j [Lemma 6.11].
• p ≡ 2 mod 3, m = DN 3p, p i ≡ 1 mod 3 for all i, and q j ≡ 2 mod 3 for all j [Lemma 6.12].
• m = DN p, p i ≡ 1 mod 4 for all i, and q j ≡ 3 mod 4 for all j [Lemma 6.11].
• m = DN p, p i ≡ 1 mod 3 for all i, and q j ≡ 2 mod 3 for all j [Lemma 6.12].
•
.13, Lemma 6.14]
As a special case, we recover the following explicit numerical conditions.
is nonempty if and only if • p is split in Q( √ d) and one of the following conditions holds.
with each p i ≡ 3 mod 4, and N p = ∏ j q j with each q j ≡ 1 mod 4.
-p = 3, D = ∏ i p i with each p i ≡ 2 mod 3, and N p = ∏ j q j with each q j ≡ 1 mod 3.
-p ≡ 3 mod 4, D = 1 and N = p or 2p. To prove Theorem 6.1, we will have to make the following definitions. Definition 6.4. Let Z be the étale quotient of X Z p 2 by the action of w m ○ σ.
, we can consider d ′ to be any square-free integer such that p is inert in
Therefore, we shall obtain our results when p is split as a corollary to our results when p ∤ m.
We shall organize our results into two sections. In the first, we will consider the case when p m. In that case, w m and thus the twisted action of Galois will permute c
on the special fiber. In the second, we will consider the case when p ∤ m and we may have to additionally allow for points on c Proof. By abuse of notation, let
Note that under the bijection from Z(F p ) to X (F p ), the Galois action P ↦ P Frob p on Z(F p ) translates to the action of P ↦ w m P Frob p on X (F p ). Suppose there is such a smooth fixed point P . Let ℓ = ℓ(x), so that smoothness implies ℓ > 1. We have
. Therefore by continuity, w m p fixes each C i and for each i, w p C i = C ℓ−i . Therefore, unless ℓ is even we arrive at a contradiction. Conversely suppose that there is a superspecial point x such that ℓ = ℓ(x) is even and w m p (x) = x. Then we have C 1 , . . . C ℓ−1 fixed by w m p by assumption. Since w p fixes C ℓ 2 , it follows that C ℓ 2 is defined over
To illustrate this Lemma, consider the following example.
Example 6.6. The diagram in figure 2 depicts the special fiber of X over F 3 where X denotes the regular Z 3 -model of X 1 0 (39) = X 0 (39) with the action w 39 Frob 3 given by the arrows. Note the resolutions of the four superspecial points of X 0 (39) F3 : 1 of length 1, 2 of length 2 and 1 of length 3. Note also that while there are superspecial points of length 2, and there are some superspecial points fixed by the action of w 39 Frob 3 , there are no superspecial points of length 2 fixed by the action of w 13 . This example illustrates an error in the criterion of Theorem 1.1(3) in the recent paper of Ozman [Ozm12] . The correct numerical criterion is properly given by Corollary 6.2, via the following Theorem. We check to see if X 6 0 (11)(Q 11 ) is nonempty as follows. Although there are intersection points of length 2 and 3 on X 6 0 (11) F11 , none are fixed by the action of Frob 11 . Therefore the only way that X 6 0 (11)(Q 11 ) could be nonempty would be if there were a non superspecial point in X 6 0 (1)(F 11 ). Using the trace formula, or the fact that there are only four superspecial points on X • There is a superspecial w mp -fixed point of even length on X Proof. Recall the regular models X , Z of Definition 6.3. Recall that there is a bijection from Z(F p ) to X (F p ), under which the Galois action P ↦ P Frob p on Z(F p ) translates to the action P ↦ w m P Frob p on X (F p ).
By Lemma 2.23, the action of Frob p on the superspecial points of X is, all superspecial points fixed by w mp have length 1. It follows that if P is a smooth fixed point of w mp in X (F p ), then π(P ) = x is not superspecial.
Conversely, suppose first that there is an F p -rational point of Z which is not superspecial. By the embedding c ∶ X (1) p = 2, m = 1, q ≡ 3 mod 4 for all primes q D, and q ≡ 1 mod 4 for all primes q (N 2).
(2) p ≡ 3 mod 4, 2 DN p, m = DN 2p, q ≡ 1 mod 4 for all primes q D, and q ≡ 3 mod 4 for all primes q (N p). (3) m = DN p, p ≡ 1 mod 4, q ≡ 1 mod 4 for all primes q D, and q ≡ 3 mod 4 for all primes q (N p).
Proof. By Lemma 2.26, there is a superspecial w mp -fixed point of even length if and only if all of the following occur:
• mp = 1, 2, DN 2 or DN , • for all primes q Dp, q = 2 or q ≡ 3 mod 4,
• for all primes q (N p), q = 2 or q ≡ 1 mod 4. If mp = 2 then p = 2, so 2 ∤ (DN p), and m = 1. If mp = DN 2 then p (DN 2) and thus p ≠ 2 because DN is square-free. It follows that m = DN (2p) with p ≡ 3 mod 4. The only remaining case is mp = DN , in which case p ≡ 1 mod 4.
Lemma 6.12. There is a superspecial point of length divisible by three in X D 0 (N )(F p ) fixed by w mp if and only if one of the following occurs.
• p = 3, m = 1, q ≡ 2 mod 3 for all primes q D, and q ≡ 1 mod 3 for all primes q (N 3).
• p ≡ 2 mod 3, 3 DN p, m = DN 3p, q ≡ 1 mod 3 for all primes q D, and q ≡ 2 mod 3 for all primes q (N p).
• m = DN p, p ≡ 1 mod 3, q ≡ 1 mod 3 for all primes q D, and q ≡ 2 mod 3 for all primes q (N p).
Proof. By Lemma 2.25, there is a superspecial w mp -fixed point of length divisible by three if and only if all of the following occur:
• mp = 1, 3, DN 3 or DN ,
• for all primes q Dp, q = 3 or q ≡ 2 mod 3,
• for all primes q (N p), q = 3 or q ≡ 1 mod 3. If mp = 3 then p = 3, so 3 ∤ (DN p), and m = 1. If mp = DN 3 then p (DN 3) and thus p ≠ 3 because DN is square-free. It follows that m = DN (3p) with p ≡ 2 mod 3. The only remaining case is mp = DN , and thus p = 3 or p ≡ 2 mod 3.
We note that since p ∤ (DN p) and m (DN p), we may recall T F (D, N p, m, p) = (p + 1) − tr(T pm ) as in Definition 3.18. With this in mind we make the following definition. We now count the number n mp of w mp -fixed superspecial points so we can subtract them off. . If mp ≡ 3 mod 4 then the number of these is • There is a superspecial w p -fixed point of length divisible by three in X D 0 (N )(F p ).
• There is a non-superspecial F p -rational point.
